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A class of exactly solvable models of domain walls are worked out in D — 4 M — 1 supergravity. 
We develop a method to embed globally supersymmetric theories with exact BPS domain wall solu- 
tions into supergravity, by introducing a gravitationally deformed superpotential. The gravitational 
deformation is natural in the spirit of maintaining the Kahler invariance. The solutions of the warp 
factor and the Killing spinor are also obtained. We find that three distinct behaviors of warp factors 
arise depending on the value of a constant term in the superpotential : exponentially decreasing in 
both sides of the wall, fiat in one side and decreasing in the other, and increasing in one side and 
decreasing in the other. Only the first possibility gives the localized massless graviton zero mode. 
Models with multi- walls and models with runaway vacua are also discussed. 
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I. INTRODUCTION 

The domain wall has been an interesting subject in 
many areas of physics, such as particle physics, cos- 
mology and the condensed matter physics. In particle 
hysics, the recently developed brane-world models pj- 
give a new motivation to study domain walls. On the 
other hand, supersymmetry (SUSY) has been most use- 
ful to build unified models beyond the standard model 
P| and helps to construct domain walls. Configurations 
preserving part of SUSY are called Bogomolo'nyi-Prasad- 
Sommerfield (BPS) configurations 0,0, which automati- 
cally give solutions of equations of motion with minimum 
energy for the given boundary conditions. 

Exact solutions are useful to understand solitons such 
as domain walls. There have been a number of works to 
obtain exact solutions in models with global SUSY. In 
W = 1 SUSY models, exact solutions for a single wall 
are abundantly available .7], and also for two- wall solu- 
tions with a moduli parameter in a model with two chiral 
scalar fields 0, . Interesting dynamics of multi- walls in 
this model are also discussed 0, . Even in Af = 2 
SUSY models (with eight SUSY), exact single wall so- 
lution 12, 13] as well as exact multi-wall solutions have 
been constructed Exact solutions of domain- wall 

junctions have also been found for Af = 1 models [T^. fl5| 
and for Af = 2 models [l|j . 

On the other hand, it has been difficult to obtain ex- 
act solutions in supergravity (SUGRA), because of highly 
non-linear nature of gravity. Many attempts revealed 
useful qualitative features of domain walls in SUGRA 
theories in four- and five-dimensions 

E3-I23- Recently, 

exact domain wall solutions in SUGRA with a smooth 
limit of weak gravity have been found in several models 
: a periodic model in Af = 1 SUGRA in four-dimensions 
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[23, and T*CP n models in Af = 2 SUGRA in five- 
dimensions [2^, |3(j ■ Interestingly, the scalar field con- 
figurations in all these SUGRA solutions are found to be 
exactly the same as the known solution in global SUSY 
models (the limit of the vanishing gravitational coupling) . 

The purpose of this paper is to propose a general 
method to find exact solutions of domain wall in SUGRA 
models. Inspired by the exact solutions in the above 
models [2?], |3(j, we find conditions to preserve the 
scalar field configurations of the exact solutions in global 
SUSY models when they are embedded into SUGRA. 
Namely, we require that the scalar field configurations be 
unchanged when we find the distortion of the spacetime 
together with the backreaction by solving the nonlinear 
field equations of SUGRA with matter. Thus we obtain 
the necessary gravitational deformations to the superpo- 
tential. 

In general the SUSY vacua in global SUSY theories 
change when the theory is coupled to SUGRA due to 
gravitational effects. This is one of the reasons which 
prevent us from obtaining the exact domain wall solu- 
tions. Therefore our main strategy is that we require 
gravitational deformations of the superpotential when it 
is embedded into SUGRA so that the SUSY vacua re- 
main unchanged. As a result, we find that the modified 
superpotential gives us precisely the same equation for 
the scalar field as the one in the global SUSY theory. 
Therefore we obtain the solution for the scalar field con- 
figuration which is identical to the global SUSY theory. 
Once we obtain the exact domain wall solutions, we can 
also find the distortion of the spacetime by solving the 
equations for the spacetime metric. We can also obtain 
the Killing spinor corresponding to the conserved SUSY. 

In Sec[n] we briefly review domain walls in SUGRA 
and discuss the deformation of the superpotential which 
maintains the wall configuration identical to the global 
SUSY case. A number of interesting models with exact 
BPS solutions are described in Sec lIIII The zero modes 
and the warp factor are discussed in Sec II VI Sec0 is 
devoted to concluding remarks. 
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II. DOMAIN WALLS IN TV = 1 SUGRA 
A. Notations 

We consider n chiral multiplets (0 4 , Xa) coupled to the 
gravity multiplet (e m -,ip m a ) with the Kahler potential 
K{cj),(j)*) and the superpotential Pi c {4>) in four dimen- 
sions. In order to distinguish the superpotential in the 
SUGRA theories from that in the global SUSY theo- 
ries, we denote the superpotential in the local SUSY 
(SUGRA) as P\ c and the superpotential in the global 
SUSY theories as P K \. The local Lorentz vector in- 
dices arc denoted by letters with the underline as a, 
and the vector indices transforming under general co- 
ordinate transformations are denoted by Latin letters as 
m,n = 0,1,2,3. The left(right)-handed spinor indices 
are denoted by undotted (dotted) Greek letters as a(a). 
We follow Ref.[in| about other notations for the spinor al- 
gebra. The bosonic part of the Lagrangian of the Af = 1 
SUGRA coupled with the chiral multiplets is given by 
M = 

e- l C = ~^R- K^g^d^d^* -Mc, (1) 

where the gravitational coupling k is the inverse of the 
four-dimensional Planck mass M-p\, g mn is the metric of 
the spacetime, e is the determinant of the vierbein e m — . 
The scalar potential in the SUGRA theory is denoted by 
Vic and is given in terms of the covariant derivative DiP\ c 
in the target space of the superpotential P\ c in SUGRA 



Uc 



e ^K ( K ij* Di p icDj ^p* _ 3 K 2|p k 



AflcW = diPiM + K 2 Px c {(j>)diK{ct>,4,* 



(2) 



(3) 



The SUGRA Lagrangian is invariant under the 
SUGRA transformation. SUSY vacua and BPS solu- 
tions can be obtained by examining SUGRA transfor- 
mations. Since we are interested in classical solutions, 
fcrmionic fields should vanish. Therefore we need to con- 
sider SUGRA transformations of fermions which read 



iV2a m (d m <t> 1 - V2e^ K K^*D J ,P l * c (, 



(4) 



where we drop terms which include the fcrmionic fields 
and £ is a local SUSY transformation parameter. The 
spacetime covariant derivative is given by 

■ 2 

V m C = d m ( + Quj m + ^- Im [^KdrnP] C, 

i 

where uj m denotes the spin connection. 

It is well known that a stable solitonic state can be 
obtained, if part of SUSY (or SUGRA) is preserved and 
the BPS energy bound is saturated 0,0]. The domain 
wall solutions interpolating two isolated SUSY vacua typ- 
ically preserve two out of four SUSY (or SUGRA) and are 



called j BPS states. Let us parametrize the conserved 
directions of SUGRA transformations as 

Civ) = o t9{y) aH(y). (5) 

In addition we make the warped metric Ansatz : 

ds 2 = c^^rj^dx^dx" + dy 2 (/x, u = 0,1,3). 

The BPS equations can be derived by demanding that the 
bosonic configuration should sat isfy S^tp m — S^x — for 
the Killing spinors £(?/) in Eq.JSJ) 18]. From the condition 
^c^m = we obtain the BPS equation for the warp factor: 



A = -in 2 e- l9 e^ K P lc 



(6) 



where a dot denotes a derivative with respect to the extra 
coordinate y. From the condition 6Qtp2 — we obtain the 
BPS equations for the phase 9 and the modulus \( a \ of 
the Killing spinor : 



= — k Im 



\L\ = ^\U 



(7) 



(8) 



From the remaining condition S(X l = we obtain the 
BPS equations for the scalar fields: 



- i0 e^r K K ij *D jst P^ 



(9) 



Eqs.©, 0, © and © are the full set of our BPS equa- 
tions. 

Notice that we can recover results of the global SUSY 
[3 if we take the gravitational coupling n to zero and 
identify the superpotential Pi c in SUGRA with the su- 
perpotential P„\ in SUSY. 



B. Deformation of Superpotential 

Recently, we found the exact BPS solution in Af = 1 
SUGRA sine-Gordon model j2?J by allowing a modifi- 
cation of the superpotential. The gravitational defor- 
mation for the superpotential is originally introduced in 
order to keep the periodicity of the model with the aid 
of the Kahler transformation. In this paper we extend 
the gravitational modification of the superpotential to 
other models in order to obtain exact BPS solutions in 
SUGRA theories even in models without particular sym- 
metry, such as the periodicity in sine-Gordon model. 

We first note that SUSY theories are always invariant 
under the following Kahler transformations 



,<P*)+F(<P)+F*(P), 



(10) 
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where F(4>) is a holomorphic function of <j> 1 . Moreover, 
we also note that no physical difference arises if we add 
a constant a in the superpotential P g i in global SUSY 
theories 



P gl = P 



(11) 



On the other hand, the Kahler transformations in 
SUGRA theories should accompany the transformations 
of superpotential 



K{ct>,(l>*)^K{ct>,p)+F{ct>) 
PiM - e^^P^), 



F*( 



(12) 



and the Weyl transformations of fermions |31 



X 



-Im[F(0)] 



4>n 



We observe that an additive constant a in Ea. 1)11(1 does 
have a physical implication when coupled to gravity in 
SUGRA, in contrast to the global SUSY theories. 

Since the superpotential of the global SUSY theories 
does not transform under the Kahler transformations, we 
need to make a gravitational deformation of the super- 
potential if we wish to make the superpotential to be 
invariant under the Kahler transformations in SUGRA 
when it is embedded into SUGRA theories. Then the 
embedded theories are assured to have a smooth limit of 
vanishing gravitational coupling, and their vacua as well 
as solutions are likely to be preserved. 

Now let us define a new holomorphic function K from 
Kahler potential by replacing <j>* with <fi in K : 

k^) = K(<f>,(t>* -></>). 

This new function transforms as K — > K + 2F under the 
Kahler transformation l(T2l of SUGRA. Then, we will 
choose the SUGRA superpotential p c from the global 
SUSY superpotential with a gravitational deformation 
as 



Plc(0) 



4kw 



: ^P gl (0), (13) 



where we take into account of the possibility of adding 
a constant a in P g i which is physically meaningful only 
when coupled to SUGRA. As for the Kahler potential K 
we choose the same Kahler potential as the global SUSY. 
With this gravitational deformation, the corrected super- 
potential Pic automatically obeys the transformation law 
()12J) of the SUGRA theory, as a consequence of the glob- 
ally SUSY Kahler transformation (|10|) . We shall show 
in Appendix that the above gravitational deformation is 
the unique possibility if we require that the BPS equa- 
tions for matter scalars in the SUGRA theories should 
be identical to those in the global SUSY theories assum- 
ing three conditions : minimal kinetic term (or nonlinear 
sigma model that can be transformed to minimal kinetic 
term) , only single scalar field has nontrivial configuration 
in BPS solutions, and is real. 



One can shift the gravitational deformation of the su- 
perpotential to that of the Kahler potential by making 
another Kahler transformation (|12|l with F = — \K. It 
is interesting to recall that the SUGRA theories in five 
dimensions requires a gravitational deformation of target 
space manifolds of hypermultiplcts from hyper-Kahler to 
quaternionic Kahler manifolds |36j |. To find out the nec- 
essary gravitational deformations with a smooth limit of 
the vanishing gravitational coupli ng h as been a challenge 
for some time jH E E3, O, 0, HI- In this 
respect, it is quite natural that a coupling to SUGRA in 
four dimensions also accompanies gravitational deforma- 
tions of the Kahelr potential or/and the superpotential, 
since only a combination of Kahler potential and the su- 
perpotential has an invariant meaning in M = 1 SUGRA 
in four-dimensions [3l| . Although scalar fields in SUGRA 
are generically a nonlinear sigma model in this sense, we 
choose here to give gravitational deformations to the su- 
perpotential rather than to the Kahler potential. 

Notice that this deformed superpotential P\ c reduces 
to the global SUSY superpotential P g i when we turn off 
the gravitational coupling n. As we will see shortly, this 
special choice of the superpotential in Eq. l|13fl allows us 
to obtain exact BPS solutions in Af = 1 SUGRA. 

The covariant derivative © in target space acting on 
the gravitationally deformed superpotential l|13|) becomes 



APic=e-- 



<),r,j + ,sp si di ( k - Ik 



(14) 



and the scalar potential is of the form: 



Mc=C 



_ p K 2 (K-Re[if]) 



K %3 * { 5,P g i + K?P g idi [ K - ~K 



1 r ~, 
2 



x \ c^P* + k 2 P^ K--K*)\- 3k 2 |P s1 | 2 



.(15) 



Notice that the covariant derivative (|14|> is covariant and 
the scalar potential l|15|) is invariant under the SUGRA 
Kahler transformation H12|) . as a consequence of covari- 
ance (invariance) under the globally SUSY Kahler trans- 
formation I|1U|) . 

For simplicity, we concentrate on the model with the 
minimal Kahler potential K = |</>' | 2 in what follows. 

i 

Then, the covariant derivative (|14[> and the scalar poten- 
tial lfl3|l become : 



<9 s ;P gl - 2m 2 Im[^]P g ; 



V ic = c 



~ 2k2 Ei Im I' 



^ IftPgi - 2iK 2 Im[0 i ]P g 



3K 2 |P el | 2 



(16) 



(17) 



The gravitationally deformed superpotential and scalar 
potential takes a simpler form if we restrict ourselves to a 
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section of the bosonic fields space where all scalar fields </>* 
take only real values (real section) . This is often the case 
when we consider models whose vacua are distributed on 
the real axes in the complex fields space, and BPS domain 
walls which interpolate these vacua. In fact, we will deal 
with such models in the following section. For that real 
section of field space, the scalar potential reduces to 

Vic = ]T(d l P gl ) 2 -3« 2 (P gl + a) 2 . (18) 

i 

Here we assume that couplings in the superpotential are 
real parameters and (jf — <j>" . Then, the superpotential 
is essentially a real function of the real field <j) 1 . No- 
tice that this type of the scalar potential often arises in 
a restricted section of field space of the D dimensional 
SUGRA [25l and ensures stable AdS vacua, if the 
superpotential has at least a stationary point [34]], [35| . 
The first term in Ea. (|18|l corresponds to the term which 
comes from the F-term in global SUSY, whereas the sec- 
ond term expresses a gravitational correction. The first 
term vanishes at SUSY vacua and generally the second 
term is non- vanishing. Therefore, the vacuum becomes 
AdS (or flat if a happens to cancel with the — P g i((</>)) 
spacetime, since the second term gives a negative cosmo- 
logical constant. 

One of the most important points is that the locations 
of the SUSY vacua for the superpotential P c given in 
Ea. (|13|l are not changed from the global SUSY model 
with superpotential P s \. The SUSY vacua are determined 
from the "F-term" condition in SUGRA : 

APc = 0. 

Because of Ea. (|16|l and our choice of the superpotential 
Pc in Ea. l|13|) with the minimal Kahler potential, this 
condition agrees exactly with that of global SUSY for 
the real section of the field space. Hence, the SUGRA 
theory with our gravitationally deformed superpotential 
have the SUSY vacua that are precisely identical to the 
SUSY vacua of the global SUSY theory at the stationary 
points of P g i. 

The BPS equation Q) for the phase 9(y) of Killing 
spinor defined in Eq. (jSJl implies that the phase should be 
independent of y for the BPS solution with real scalar 
field configurations. The reality of scalar fields is consis- 
tent with the BPS equation for matter fields 10 only if 
9 = ±tt/2 + 2nvr, neZ: 

j> = eio-^diP^), (19) 

which is exactly identical to the BPS equation in global 
SUSY theories with the globally SUSY superpotential 
P g l. We will refer the case of 9 = ir/2 + 2nir (9 = -n/2 + 
2nir) as the BPS (anti-BPS) solutions. Therefore, we can 
automatically obtain exact BPS solutions in SUGRA, if 
we choose the superpotential according to Eq. i|13fl . The 
warp factor and the Killing spinor are also obtained from 



the other BPS equations © and JSJ 

A = K, 2 e-< e+ ^)p gh (20) 
C« = eW+*)e*xhY (21) 

where £1(2) represents a constant Grassmann parameter 
corresponding to the two conserved SUSY directions. 

Notice that the energy density of the BPS domain wall 
obtained here is precisely identical to the one in the global 
SUSY model which is given by the topological charge Q 

Z = 2|AP gl |. (22) 

We shall illustrate this point for concrete examples in the 
following sections. 

III. EXACTLY SOLVABLE EXAMPLES 
A. Double Well Model 

To obtain a stable BPS domain wall in the global SUSY 
model, there must be at least two isolated SUSY vacua. 
Assuming the minimal kinetic term, one of the simplest 
superpotentials which give such vacua in global SUSY 
theories is the (j> 3 type : 

P gl = A 2 ^-|^ 3 , (23) 

where <?, A are both real positive coupling constants. The 
SUSY vacua are given as stationary points of the super- 
potential : 

, ,» ( A M , x f 2A3 2A 3 \ , , 

whose vacuum energy density vanishes as a consequence 
of SUSY. The BPS domain wall which interpolates these 
two vacua is the solution of the BPS equation ()19ll : 

(XyHe^-^AtannA^y-yo), ( 25 ) 

where 9 — ±7r/2 and yo is a collective coordinate which 
corresponds to the wall position. The energy density of 
the BPS wall solution is given by the topological charge 
in Eq.lO 

£ = Z = 2\AP a \ = ~. (26) 

This global SUSY model has been studied by coupling 
to SUGRA without any gravitational deformations of the 
superpotential |l8j | . It may be instructive to compare two 
SUGRA theories : one with our gravitationally deformed 
superpotential P c given by the prescription (|13|l and the 
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FIG. 1: The scalar potential V\ c (solid line) and the global SUSY superpotential P g i (broken line) as a function of Re [</>]. 
Parameters are taken to be k — 0.3, g = 1 and A = 1. From left to right, a is (0, —2/3, —1), corresponding to IR-IR, IR-flat, 
IR-UV behaviors. 
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FIG. 2: The warp factor e A as a function of y. Parameters are taken to be k = 0.3,3 — 1 an d A = 1. From left to right, a is 
(0, —2/3, —1), corresponding to IR-IR, IR-flat, IR-UV behaviors. 



other with the superpotential P s \ (|23|l without gravita- 
tional deformations inserted in place of the P\ c in the 
SUGRA Lagrangian JJJ and J5J. For the latter choice, 
the SUSY vacuum condition D^P^ = in the SUGRA 
theory gives two isolated SUSY vacua : 



(\/-« + V^TA-\/-+v^ 



where a{g, A; k) 



3(9 ~ K A > and/3( g ,A; K ) 



. . . . .•/ 1% ■ These 

reduce to Eq. (|24[1 when we turn off the gravitational cou- 
pling n. However, it is generally difficult to obtain an 
exact BPS solution, since these vacua have a nontrivial 
dependence on the gravitational coupling k. The wall 
configuration has been studied numerically and it is rea- 
sonably compelling that the wall solution should exist 
|18| . although an explicit demonstration of the solution 
was difficult. 

On the contrary, according to our prescription of grav- 
itational deformations in Eq. l|13|l we should choose the 
superpotential in SUGRA as 



Pw 



A 



3^ 



The BPS equations ®, ©, © and © in SUGRA 
with this modified superpotential give the same vacua 
as Ea. (|24[l and precisely the same exact BPS solution in 
Ea. (l25H which interpolates these two vacua. The vac- 
uum energy densities in these two SUSY vacua no longer 
vanish but are negative 



2 A 3 

V vac = ~3k 2 ( e(y)- — + 



Therefore the BPS domain wall in Ea. (|25|l interpolates 
two AdS vacua with decreasing warp factor asymptoti- 
cally to both infinities, if \a\ < |^=- This is phenomeno- 
logically desirable situation corresponding to IR fixed 
points in both infinities with respect to AdS/CFT cor- 
respondence If a = — (+|^=), positive (nega- 
tive) asymptotic infinity is flat space, whereas the other 
infinity is AdS space and the warp factor is exponentially 
decreasing. If a < — | ^= (a > both asymptotic 

infinities are AdS spaces, but the warp factor is exponen- 
tially increasing at positive (negative) asymptotic infin- 
ity and is exponentially decreasing at negative (positive) 
asymptotic infinity. 

We can also obtain exact BPS solutions for the warp 
factor from Eq. (J^UJl 



A = -k 2 



2A 



(U) 



— I log cosh A^^ - yo ) 



tanh 2 A^/g(y - y ) 



The scalar potential and the global SUSY superpotential 
with the parameters a = (0, —2/3, — l)A 3 /^/g are shown 
in FIG^ I n FIG|2 the profiles of the warp factor are 
shown. The Killing spinor £ a is obtained by plugging 
this warp factor into Eas. (|21|l . 

Notice that the energy density of the BPS domain wall 
is just the same as that of the global SUSY model in 
Eq. (|26|) ■ In the case of no gravitational deformations for 
the superpotential, it was shown that the energy density 
of the BPS domain wall in SUGRA generally differs from 
that of the global SUSY by a factor arising from the 
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Kahler potential |Tsj 
£ = 2 



In our model, this factor from the Kahler potential is ab- 
sorbed in the gravitationally deformed superpotential in 
Eq. (jT3|l , so that the energy density in SUGRA is precisely 
the same as that in global SUSY. 



B. Sine-Gordon Model 

In Ref.p^| we found the exact BPS solution for the 
modified sine-Gordon model with the superpotential 
given here except the possible additive constant a. Here 
we also add a possibility of this additive constant in su- 
perpotential : 



Pic = e~ 
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The SUSY vacua is periodically distributed on the real 
axis in the complex </> plane: 

(^> = ^(|+mr), (neZ). 

The BPS solution which interpolates any two adjacent 
vacua is of the form: 



A 

9 



(-!)«{ 



2tan- 1 e ±A ^°> - 



3} 



.4 



A 



ay + —o log cosh A(y - y ) 
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More details about this model are given in Ref.[2j 



C. Two Walls Model 

An interesting global SUSY model in four dimensions 
has been found which allows two domain walls as an exact 
BPS solution jaQ- The model consists of two chiral su- 
perfields <I> and X whose lowest components are denoted 
by and x, respectively. 

Let us consider the minimal kinetic term given by the 



minimal Kahler potential : K = \<j)\ z 



\X\ 



The sim- 



plest (trivial) model admitting two walls in global SUSY 
consists of two decoupled double-well model: 



ft = Aj 



9<$ j 3 1 a 2 9x 3 
jf +V~ yX , 



(27) 



where all the couplings A^ , A x , , g x are assumed to 
be real positive. This superpotential gives four isolated 
SUSY vacua: 



±Ax/ 



<]<!> 



TA X / 



Since <f> and x are decoupled, the exact BPS solution is 
a superposition of that of each double-well model: 



£4.-7= tanh A (?/ - y^), 



X = e x -7= tanhA x(y-yx)> 
\J9x 



(28) 
(29) 



where e</,( x ) is ±1. This solution has two collective co- 
ordinates: the center of the mass y cm = v, * JrVx and the 
relative distance between the two walls R = \y$ — y x \. 

In general, this superposition principle does not hold 
in gravity theory. Namely, the superposition of the indi- 
vidual solutions is not a solution. That is because two 
scalar fields 0, x ar e coupled via gravity even if these are 
decoupled in the superpotential. So the superposition of 
the solutions of the individual models does not satisfy 
the equations of motion when they are coupled to grav- 
ity theory. We can see this gravitational interaction in 
the BPS equation if we use the superpotential lf2*7jl 
of the global SUSY model (without the gravitational de- 
formations) inserted into the SUGRA superpotential P\ c . 
Two fields are coupled through the Kahler potential. It 
is then difficult to obtain the exact BPS solutions for two 
walls in SUGRA. 

If we choose the superpotential according to our pre- 
scription (|13p. 



ft = e" 



A 



9<fi j. 3 1 a 2 9x 3 



two fields behave as if they are effectively decoupled even 
in the presence of gravity. Then we obtain the exact 
solution for scalar fields identical to Eas. (|28|l and 12911 . 
The BPS solution of the warp factor is of the form: 



A = —n 2 ay 

k 2 M 



K 2 A 2 



-log cosh A (y- y^) 



logcoshA x (2/-y x ) 



tanh 2 A^y - y^) 



tanh 2 A x (y - y x ) 
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Next we turn our attention to the more interesting 
model. In Ref.j^, an integral of motion was con- 
structed for a global SUSY model with two chiral scalar 
fields with the superpotential 



m 



where all the coupling constants are real and positive. 
This model has the following four isolated SUSY vacua : 



X 



±m/X 






±m/V aX 



The BPS equations for matter fields can be cast into 
dimensionless forms : 



df 



d(my) 



I-/ 2 



dh 



d(my) 



-fh, 
P 



(30) 
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where /, h are dimensionless fields defined as / = (X/m)4> 
and h = (^/a\/m)x, P is defined as p = A/a. By taking 
the ratio of Eas. (|30l) to eliminate the u = my dependence, 
we can integrate once to obtain an implicit solution giving 
a relation between / and h 




-h 2 - Ch p , 



P- 

where C is an integration constant which corresponds to 
a collective coordinate related with the relative distance 
between two walls. Supplemented by one of the above 
Ecis. pOfl . one can explicitly obtain the complete solution. 

For the special case where p = 4 these BPS equations 
()30|1 are explicitly solvable. To clarify the physical mean- 
ing of the relative distance between walls, it is more con- 
venient to convert the integration constant C into the 
following parameter |{| t = l/VC + 1. The exact BPS 
two wall solution is given with a center of position y and 
another moduli parameter t by 



m sinhm(y — yo) 
A cosh m{y — yo) + t ' 



±- 



2A y coshm(y — yo)+t 



(31) 
(32) 



FIG. 3: Two walls solution for the scalar fileds and the warp 
factor is shown. The parameters are taken to be k = 0.3, m = 
1, A = 1 and a = 0. We take s = 10. 



a = 0. The case of a = gives an interesting example for 
a flat bulk between two walls where graviton is confined 
resulting in a flat wave function. 

In the multi-wall solutions with moduli, it is interesting 
to explore dynamics of walls. It have been revealed that 
there is a bound state of walls if one introduces winding 
number into the model considered here |To| . and nonlin- 
ear sigma model of moduli fields have also been worked 
out |ll| . It is an interesting future problem to examine 
such dynamical issues of multi-walls in SUGRA models. 



D. Runaway Vacuum Model 



where the moduli parameter t can take values < t < oo 
corresponding to oo > C > — 1. For 1 < t, we can convert 
it to t = cosh s which can be interpreted as the m times 
distance between walls. We obtain 



ml u — s 

= — tanh 

2A V 2 



tanh ■ 



m IX f u — s u + s 

y = ± — i / — 1 — tanh — - — tanh — - — 
A 2A V 2 \ 2 2 



u = m(y - y ), 

and interpret the moduli parameter to be the distance 
between two walls. 

As we have seen, these solutions remain to be BPS 
solutions for the SUGRA theories, if we choose the su- 
perpotential : 



Pic 



e 2 



A 



v -r - g - u<j)X + a 



Plugging Eas. ijIHj) and into Eq. lj2U)l . we obtain the 
warp factor explicitly : 



rn 



m ( t t — 1 

— 2 (2 log (cosh u + 1) + + 2{coshu + t )2 



where an integration constant is suppressed. The scalar 
fields profile and the warp factor are shown in FIG|21for 



We have previously studied Af = 1 SUSY nonlinear 
sigma models to obtain BPS walls and junction solutions 
Let us consider simplest of these models 



K 



A2 



tanh 1 



A 



Ra 



A2 
9 



(33) 



where A, g are real positive parameters. The Kahler met- 
ric of this model is a product of holomorphic and anti- 
holomorphic part, which is called holomorphically factor- 
izable and can be transformed into a linear sigma model 
by a holomorphic reparametrization of field |15| 

4> = — tanh ^-ip. 
9 A 

In terms of if, the model reduces to a linear sigma model 
K = \tp\ 2 with the superpotential P g \ = p-tanh^-yj. In 
the linear sigma model, the SUSY vacua occur as sta- 
tionary points of the superpotential which is given at 
(p = ±oo in this particular model. These vacua at infin- 
ity of field space are often called "runaway vacua" and 
are sometimes discarded. However, these vacua should 
be taken into account in order to preserve the number of 
possible SUSY vacua under the holomorphic change of 
field variables . These runaway vacua are brought to 
a finite point in field space of c/> in the nonlinear sigma 
model (|33|l . which realizes these SUSY vacua as singular 
points of the Kahler metric : 



A 2 



A 2 - g 2 



8 



Then, the SUSY vacua are 



,'A A 

=[--- 

.9 9 



(34) 



Assuming </) — </)*, the BPS equation in this global SUSY 
model reduces to 



and its solution is exactly solvable: 



y-yo 




(35) 



(36) 



Let us couple this model with SUGRA, according to 
the prescription ifHfl) : 



Pic = e~~ 



K 



A 2 
9 



K 



A 2 



ftanh 1 



The SUSY vacua can be obtained by demanding the 
SUSY invariance in Eq.Q. More explicitly, the SUSY 
vacua are given by Eqs.© and l|14|l as 



= e^ K K^> y D a ,R 



<P* Mc > 



(37) 



A 2 
5 



2iK 2 A(^0*+a) 


Im 


tanh" 1 ^ 


5 2 (l- 


A 2 y 





Eq.lEJ reduces to = K^* K 2 / g for real field configu- 
rations 4> = 4>* . Therefore the SUSY vacua is unchanged 
from Eq. (|34J) given as the zero of the inverse Kahler met- 
ric Moreover, the BPS equation (|35(l is also un- 
changed, so the BPS solution is given in Eq. l|3t)|) . The 
BPS equation for the warp factor (|20|l can also be inte- 
grated to give an expression in terms of the scalar field 



A = -t 



A 2 



ay 



Together with Ea. (|36|l . it implicitly gives A as a function 
of y. 



IV. ZERO MODE WAVE FUNCTION 

In this section we study the behavior of the warp factor 
e 2A {y) _ it is well known that the warp factor is closely 
related to the zero mode wave function of the graviton in 
the Kaluza-Klcin modes expansion. The mode equation 
for the graviton can be written as a Schrodinger type 
equation |40 | — 



V(z) = 



D-2dA 



dz 



2 D-2(PA 
+ 2 dz 2 ' 



where D denotes the spacetime dimension, z is the con- 
formal flat coordinate defined by dy — e A dz and fi^J is 
the transverse traceless part of the fluctuation defined by 
8g^ Lll = e A hT^ . The zero mode wave function of the 

above Schrodinger equation is given by hJ^J = e~ /1 ' z ' 1 
which implies that the graviton zero mode wave function 
is identical to the warp factor : 8g^ y — e 2A ( y \ Hence, 
the behavior of the warp factor is directly related to the 
normalizability of the graviton zero mode which is very 
important for phenomenology. 

Next we derive a general property of the warp factor 
for our model. Using Eas. (|19|l and (|20|l . we find 



A 



This implies that the warp factor has at most one sta- 
tionary (maximum) point. The physical reason behind 
this fact should be that matter scalar fields produce only 
positive energy density. 

We also find from Eq. (|20|l that the warp factor A has a 
maximum only at the point where the superpotential P g \ 
vanishes along the wall trajectory. Only such a wall can 
have the localized graviton zero mode around the wall. 

If the additive constant in the global SUSY superpo- 
tential Pg\ (|13l) vanishes a — 0, the warp factor A(y) in 
all the above examples are Z2 symmetric under the re- 
flection y — yo — * —(y — yo) around the center of the wall. 
Therefore the graviton zero mode wave function is nor- 
malizable and we obtain a localized graviton zero mode 
around the wall. 

On the contrary, we have Z2 asymmetric warp fac- 
tors around the wall, if we have non-vanishing additive 
constant a. It is interesting to remember that the con- 
stant term in the superpotential has no physical effects 
in global SUSY models. In SUGRA theories, however, 
the constant term a produces a dramatic change. The 
BPS equation for the matter in Ea. (|19|l is identical to 
that of the global SUSY, even if we add a constant term 
with the superpotential P g \. On the other hand the BPS 
equation for the warp factor H2U|) is affected by the addi- 
tive constant a by controlling the SUSY vacuum energy 
density. There is a critical value of the constant a beyond 
which the graviton zero mode ceases to be normalizable 
: a = — (P g i). At this critical value of the constant a, 
the energy density of one side of asymptotic region (vac- 
uum) vanishes and the metric in this asymptotic infinity 
reduces to the flat metric. Thus we find three different 
asymptotic behaviors of warp factors 29] in the context 
of AdS/CFT correspondence 39] : IR-IR (exponentially 
decreasing in both infinities), IR-flat (exponentially de- 
creasing in one side and flat in the other), and IR-UV 
(exponentially decreasing in one side and increasing in 
the other). 
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V. CONCLUSION 

We proposed a prescription for a gravitational defor- 
mation of the superpotential (or Kahler potential) in em- 
bedding global SUSY models into SUGRA theories. This 
is natural from the viewpoint of the Kahler transforma- 
tion and gives us exact BPS solutions in SUGRA theories 
from exact solutions in global SUSY models, provided 
scalar field configurations are real. Thanks to the grav- 
itational deformations of the superpotential, the SUSY 
vacua in SUGRA theories are identical to those in the 
global SUSY models. The domain wall solutions which 
interpolate these vacua are also identical to those of the 
SUSY models. 

The spacetime distortion by the domain wall repre- 
sented by the warp factor can be also obtained by solving 
the BPS equation for the warp factor, which is indepen- 
dent of the BPS equation for the matter scalar fields. 
The Killing spinor is also obtained in terms of the warp 
factor. 

A constant term in the superpotential in global SUSY 
theories has no physical effects. However, this con- 
stant term gives physical effects when coupled to gravity. 
Naturally our gravitationally deformed superpotential in 
SUGRA theories has this freedom of choosing an addi- 
tive constant. This constant term has no effect on the 
scalar field configurations, but has significant effects on 
the warp factor. Namely, the asymptotic behavior of the 
warp factor is different as the constant term crosses a 
critical value. At the same time, the graviton zero mode 
on the domain wall is localized for smaller values of the 
constant, whereas it becomes non normalizablc if the con- 
stant is outside of the critical value. 

In global SUSY theory there are many models which 
have exact soliton solutions, such as domain wall junc- 
tion A good progress has been made to study 
domain wall junction in chiral scalar fields coupled to 
SUGRA 0], although no explicit solution has been ob- 
tained so far. It is an intriguing problem to extend our 
prescription for such models and to give exact solutions 
for the soliton. This is a remaining future problem. 
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APPENDIX A: UNIQUENESS OF THE 
SUPERPOTENTIAL 



Here we shall show that our prescription of gravita- 
tionally deformed superpotential is the only possibility 
to obtain BPS solution for matter scalar in SUGRA the- 
ories which are identical to that in global SUSY theories. 

The BPS equation in SUGRA theories comes from re- 
quiring the vanishing SUGRA transformations in |@}. To 
make this BPS equation for the matter scalar identical 
to the BPS equation in global SUSY theories, the only 
possibility is 



djPg = c 2 



(Al) 



For simplicity, we assume that only one scalar field has 
nontrivial field configurations in BPS solution, and the 
kinetic term is minimal: 



K( 



Moreover we assume a real field configuration for the BPS 
solution. Then the condition (|A1|) reduces to 



We obtain the general solution with an integration con- 
stant a 
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